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CLASSES OF 3-DIMENSIONAL 

ALMOST KENMOTSU MANIFOLDS 

SATISFYING GENERALIZED NULLITY CONDITIONS 

VINCENZO SALTARELLI 



j^ . Abstract. In this paper we study 3-dimensional almost Kenmotsu manifolds satisfying 

C P ' two special types of nullity conditions which depend on two smooth functions k,fi. A 

complete local description of such manifolds is established, building local "models" for 
each of them and noting that a given aforementioned manifolds is locally isomorphic to 
the corresponding model. 



1. Introduction 



The so-called nullity conditions on different kind of almost contact metric manifolds have 

known an increasing interest in the last 15 years and various recent papers have appeared 

on this topic. The first of such conditions, called fc-nullity condition with fc e M, appeared 

in literature with the introduction of the fc-nullity distributions on an arbitrary Riemannian 

^.f-N , manifold. More recently, D. E. Blair, T. Koufogiorgos and B. J. Papantoniou have stud- 

^ ' ied in [^ a nullity condition, called (fc,/i)- nullity condition, on a contact metric manifold 

C^ , (M^""*"^, (fi, ^, 77, g). Afterwards, a further generalization of this condition has been considered 

^r ' in [7] , [S] , [12] , by requiring that the Riemannian curvature R of g satisfies 

RxY^ = k{viY)X - r,iX)Y) + fi{ri{Y)hX - rj{X)hY), (1.1) 

C^ ' for all vector fields X, Y and for some k, jjl in the ring ^{M) of the smooth functions on M, 

^^ , where h :— ^C^^ip, C denoting the Lie differentiation. In particular, in '12' it is proved that 

only in dimension 3 there are examples of contact metric manifold satisfying (jl.ip with k, fj, 
non-constant functions. Such a problematic has been studied by P. Dacko and Z. Olszak in 
the setting of almost cosymplectic manifolds as well ([3^). 

In [S] the authors studied almost Kenmotsu manifolds satisfying (jl.ip with /c, /i e M, 

^ ' proving that h — and k — ~1. For this reason, they introduce and study a modified 

5^ , nullity condition involving the tensor h' — h o (p^ which has been later generalized in [14] . 

requiring that ^ belongs to the generalized (k, /x)'-nullity distribution, i.e. for all vector fields 

X,Y 

RxY^ = k{r^{Y)X - ri{X)Y) + ii{Ti{Y)h' X - ii{X)h'Y), (1.2) 

for some k,ii G 5'(M). If an almost Kenmotsu manifold satisfies (|1.2p with k,^ G M., then 
k < —1 ( 5j). When fc = — 1, then h' — and M is locally a warped product of an 
almost Kahler manifold and an open interval. If A: < —1, then /i = — 2 and h' admits 
3 eigenvalues A, — A,0, with as simple eigenvalue and A = %/— 1 — k. In this case, the 
following classification theorem is established: 

Theorem 1.1. Let (M^"+^, 99,^,77, g) be an almost Kenmotsu manifold such that ^ belongs 
to the (fc, —2)' -nullity distribution and h' ^ 0. Then, M'^"'^^ is locally isometric to the 
warped product H"+i(fc - 2A) X/ R" or B''+\k + 2A) X/- R", where f = ce^^"^)* and 
/' — c'e^^^^'*^, with c,c' positive constants. 
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In [H] A. M. Pastore and the author proved that, if (|l.ll) or (|1.2p is satisfied by an almost 
Kenmotsu manifold M with dim M > 5, then fc, fi depend only on the direction of ^ and the 
curvature is completely determined. Furthermore, explicit examples of almost Kenmotsu 
manifolds whose Riemannian curvature tensor verifies (|l.ip and (|1.2p with suitable non- 
constant fc, fi are given. In this paper a deeper study of the three dimensional case is 
carried on. After a section containing some background on almost Kenmotsu manifolds and 
basic information about generalized nullity conditions on such manifolds, we will start by 
establishing some useful properties for the covariant derivatives of h and h'. Next, with 
section 4 we study a special class of 3-dimensional almost Kenmotsu manifolds satisfying 
(|1.1|) . for which we are able to locally describe their structures. Section 5 deals an analogous 
situation for the class of almost Kenmotsu manifolds of dimension 3 which satisfy (jl.21) with 
k verifying a suitable condition. A local classification and construction of any such manifold 
is provided, by using special charts. In the last section we prove that, if an almost Kenmotsu 
manifold M belongs to one of aforesaid classes, the leaves of the canonical foliation of M 
are fiat Kahlerian manifolds and, with an approach different from that used in the previous 
sections, we completely characterize the two considered classes. 

All manifolds are assumed to be smooth and connected. 

2. Preliminaries 

In this section, we recall some basic data about almost Kenmotsu manifolds and the main 
properties obtained in [14] for almost Kenmotsu manifolds satisfying the generalized nullity 
conditions. 

2.1. Almost Kenmotsu manifolds. An almost contact metric manifold is a {2n + 1)- 
manifold M endowed with a structure ((^,^,77, g) given by a (1, l)-tensor field if, a vector 
field ^, a 1-form 77 and a Riemannian metric g satisfying ip'^ ~ — / + 77 Ci'7(C) — 1 ^-nd 
g{(pX, ipY) = g{X, Y) — ri{X)ri{Y), for any vector fields X and Y. With this structure it can 
be associate a 2-form $, called the fundamental 2-form, defined by ^{X, Y) = g{X, ipY) for 
any vector fields X and Y . The normality of an almost contact metric manifold is expressed 
by the vanishing of the tensor field N — [ip, ip] +2dr}®^, where [93, ip] is the Nijenhuis torsion 
of ip. For more details, we refer to Blair's book [1^. 

An almost contact metric manifold M^"+^, with structure ((^, ^, 77, g), is said to be almost 
Kenmotsu manifold if the 1-form 77 is closed and d^ = 277 A $. A normal almost Kennotsu 
manifold is a Kenmotsu manifold and it is well-known that it can be characterized through 
its Levi-Civita connection, by requiring {\I x'f)(X) — 5('/'^7^)C^'?(^)'y5(A), for any vector 
fields X, Y. 

Let (Af^"+^, (y5,^, 7^,(7) be an almost Kenmotsu manifold. Since drj — 0, the canonical dis- 
tribution T) — ker(r/) orthogonal to ^ is integrable. Denoting by J- the 1-codimensional 
canonical foliation of M generated by 2?, any leaf M' of J- is orthogonal to ^ and a 27T,- 
dimensional 93-invariant submanifold of M, that is ipX € T{TM') for any X S T{TM'), 
since T) — Im ip. The tensor field (p, therefore, induces an almost complex structure J on 
M' and, if G is the Riemannian metric induced by g on M', by the compatibility of g with 
the almost contact structure, the pair (J, G) defines an almost Hermitian structure on M' . 
From (i$ = 277 A $ we infer that (J, G) is an almost Kahlerian structure on M' . Furthermore, 
we have C^rj — and [^, X] G 2? for any X ^ T). The Levi-Civita connection fulfills the 
following relation (cf. [Tj): 

2g{{Vxv)Y, Z) - 2i^{Z)g{pX, Y) - 2f^{Y)g{cpX, Z) + g{N{Y, Z), cpX), (2.1) 

for any vector fields X, Y, Z, from which we deduce that '^^'p = 0, so that V{^ = and 
W^X g T) for any X ^ V. From Lemma 2.2 in [11] we also have 

iVx^)Y + (V^x^)^y = -2giX, ipY)^ - v{Y)ipX - v{Y)hX, (2.2) 



for any X, re T{TM). 

Now, we consider the (1, l)-tensor fields h and h' , which are both symmetric operators 
such that h{£^) = h'{(,) = and satisfy 

rjoh — rjoh' — O, hoip + ipoh — 0, h' o ip + ip o h' = 0, tr(/i) — tr(/i') — 0. 

It follows that non-vanishing h and h' have the non-zero eigenvalues with opposite sign; 
moreover, h' and h admit the same eigenvalues, but different eigenspaces, that will be denote 
by [A]' and [A], respectively. Moreover, for any vector field X, (|2.1I) implies the following 
relation 

Vx^^X-7]{X)C~^hX. (2.3) 

In [11] it is proved that the integral submanifolds of V are totally umbilical submanifolds 
of M^"+^ if and only if /i = 0, which is equivalent to the vanishing of h' . In this case the 
manifold is locally a warped product M' Xf A^^", where iV^" is an almost Kahler manifold, 
M' is an open interval with coordinate t, and f{t) = ce* for some positive constant c 
(see [1]). If, in addition, the integral submanifolds of V are Kahler, then Af^"+^ is a 
Kenmotsu manifold. In particular, a 3-dimensional almost Kenmotsu manifold with h = 
is a Kenmotsu manifold. 

2.2. Main properties for the generalized nullity conditions. As proved in [4j[5], the 

Riemannian curvature R of an almost Kenmotsu manifold satisfies the following general 
relations: 

Ryz^ = v{y){Z - fhZ) - ri{Z){Y - <fhY) + {V zfh)Y - {VY'fh)Z (2.4) 

iplLp-l = 2{-Lp^ + h'^) (2.5) 



(2.6) 



g{R^xY, Z) ~ giR^x^Y, ^Z) + giR^^xY, ^Z) + 9{R^^xvY, Z) 
= 2(V/,x$)(r, Z) -f 2r^{Y)g{Z, X - ^hX) - 27j{Z)g{Y, X - ^hX), 

where I is the symmetric operator defined by 1{X) := Rxe,£,, for any vector field X. The 
above relations can be also written in terms of h' since (poh — —h' , h — (poh' and h^ — h'^. 
In particular, we observe that, if ^ belongs either to generalized (fc, /i)-nullity distribution 
or to generalized (fc, /x)'-nullity distribution, (|2.4p implies 

{Vxh')Y-{WYh')X = 0, (2.7) 

for any X,Y (z V. Furthermore, in fl4l the following relations are found: 

h^ ^ h'^ ^ {k + l)<f^ , g(e) = 2nfc^, (2.8) 

Q being the Ricci operator. Hence, it follows that at every point of an almost Kenmotsu 
manifold: 

a) fc < -1; 

b) fc = — 1 if and only if ft, = or, equivalently, h' == 0; 

c) if fc < — 1, then the eigenvalues of h and h' are of multiplicity 1 and A = \/—l — k 
and —A, both of them with multiplicity n. 

In the case of the (fc, /x)-nullity condition we also have 

V ^h ^ ~'2h - ^iiph, dA(0 = -2A, dfc(^) = -4(fc + l). (2.9) 

Whereas, the belonging of ^ to the (fc, /i)'-nullity distribution yields 

V^/i' = -(/i + 2)/i', dA(C) = -A(Ai + 2), dfc(0 = -2(fc + l)(/i + 2). (2.10) 

Here we prove the following additional result. 
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Proposition 2.1. Let (M'^^^^^ ,(p,^,ri, g) be an almost Kenmotsu manifold. If £, belongs to 
the generalized (k, fi)-nullity distribution, then one has: 

C^h = 2X^if-2h + fih', C^h' ^-nh-2h'. (2.11) 

If £, belongs to the generalized (k, fi)' -nullity distribution, then one has: 

C^h' ^ -{fi + 2)h', C^h = 2X'^ip-{p + 2)h. (2.12) 

Proof. We remind that, given a (l,l)-tensor field T on M, tlie following general relation 
holds 

CxT = VxT + ToVX - (VX) o T. 

for any X E r{TM). Applying it to T ~ h and X = ^, the required relation follows from 
the first equation in (j2.9p . Now, using the two equations just proved and the first relation 
of (EUl) in 

C(^h' — C^{h o ip) — [C^h)Lp + h{C^(p) 

we get the second formula in (|2.1ip . Analogously, taking into account that h = (p o h' , the 
relations in (|2.12p are obtained. D 

3. Technical lemmas 

We first establish general formulas which hold on every almost Kenmotsu manifold, 
without any restriction on the dimension. 

Lemma 3.1. Let (M'^"^^ ,ip,^,r], g) be an almost Kenmotsu manifold. Then, for any or- 
thonormal frame {Ari}i<i<2n+i; one has 

2n+l 



J2i^x,h')X,^Q^ + 2n^ (3.1) 

i=l 
2n+l 

^(Vx,(^)^»=0. (3.2) 



Proof. Let {Xi}i<i<2n+i be an orthonormal frame. For any vector field X, putting Y = Xi, 
replacing Z by (pX in (|2.4I) and taking the inner product with Xi, we get 



2n+l 2n+l 2n+l 

5Z 9iRx,^x^,X,) = Y, v{Xi)g{^X~hX,X,)+ ^ g{{^ x^')vX,X,) 

2n+l ^ ' 

+ ^g((V^x/^')^.,^0- 

i=l 

By definition of the Ricci tensor, the left-hand side is equal to g{Q^,ipX); while the first 
term on the right-hand side vanishes, since X]i=i v{Xi)Xi = ^ and h^ — (f^ = 0. Since 
tr(/i') = 0, the last term vanishes as well. Therefore, using the symmetry of Vxih' and the 
skew-symmetry of cp, p.3p reduces to 

2ra+l 

Y, f{Vx^h')X,=^Qi. 

i=l 

Applying ip to this equation, using ip"^ = — / + 7] ® ^ and taking into account that, by 
definition, g{Q^,£,) = Ric{^,£_) = tr /, we get 

2n-|-l 2n+l 

Y (Vx. h')X, - J2 'yCCVx. h'}X,)^ = QS,~ (tr 1% (3.4) 

i=l 4=1 
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Computing the second term on the left-hand side and using (J2.3I) . since tr(/i') — 0, one has 

2n+l 2n+l 2n+l 

2—1 i— 1 -i— 1 

2n+l 

= -tr(/i'2)^. (3.5) 

Now, dm impUes /^(.^X,^) + i^(^,0 = -2 - 2g{h'^X,X), from which it follows that 
Ric{^,^) = -2n - tr(/i2). Hence tr(/i'2) = tr(/i2) = -2n - tr I and so, substituting (|53)) 
in p.4p . we get p.ip . In order to obtain p.2p . we point out that the left-hand side is 
independent of the particular choice of the orthonormal frame. Therefore, we may compute 
it by choosing a iy9-basis {Ei, (^_Ei, ^}i<i<„. By using (j2.2p with X = Y = Ei, since ri{Ei) = 0, 
we have 

n n n 

^(Vb,^)^;, + Y,i^vE.^)^E, = - E v{E^){'pE, + hE,) = 0, 

i—l i—1 i—1 

from which, being W^(p — 0, l\'3.2\i follows. D 

The next lemma concerns the 3-dimensional case and for its proof we need the formula 

{Wxv)Y = g{ifX + hX, Y)(, - v{Y){ipX + hX) , VX, F e r(rA/) (3.6) 

which holds for any 3-dimensional almost Kenmotsu manifold, since the leaves of T), being 
of dimension 2, are Kahler manifolds (cf. fS^). 

Lemma 3.2. Let {M^,(p,^,ri, g) be an almost Kenmotsu manifold. Then, the following 
formula holds 

3 



Y^iVxMX^ = ^Q^ 



1=1 

where {^i}i<i<2Ti+i 'is an arbitrary orthonormal frame. 

Proof. The differentiation of the relation hip — —Lph, together with p. 61) . for any vector 
fields X,Y, yields 

{Vxh)'p>Y + if{Vxh)Y ^ rj{Y){hifX + h^X) - {g{ifX, hY) + g{hX, hY)}£,. 

Taking X = Y = Xi, summing on i and using ti{hLp) = and h{^) = 0, we get 

3 

Y,{i^x,h)^X, + <p{Wx,h)X^} = -tT{h^)^. (3.7) 

i=l 

Now, p.ip can be equivalently written in terms of h as 

3 3 

i=l 1=1 

from which, using p.2p . we get J2i=ii'^ Xih)ipXi — Q^ + 2^. Substituting this expression in 
p.7p . we obtain 

3 

Y, 'f{^x,h)X, = -(2 + tr(/i2))^ _ Q^. 

i=l 

Finally, we get the required result acting by ip and using '^i^i g{{^ Xih)Xi, ^) — 0, which, 
by direct computation, follows from the fact that g{h^X, (pX) — for all vector fields X and 
tr(/i) =0 D 
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Lemma 3.3. If {M^ ,(p,^,ri, g) is an almost Kenmotsu manifold such that ^ belongs to one 
of the two generalized nullity distributions, then one has 

T(grad ^i) - grad k - {in)i, (3.8) 

where T is either h or h' , according to which nullity condition is verified. 

Proof. Since we know that every 3-diniensional Riemannian manifold has vanishing Weyl 
conformal tensor field, we have 

RxyZ = g{Y, Z)QX - g{X, Z)QY + g{QY, Z)X 

- g{QX, Z)Y - ^ {g{Y, Z)X - g{X, Z)Y) , 

where Sc is the scalar curvature of g. Taking into account that Q^ = 2fc^ (cf. (I2.8P for 
n=l), we have 

Rxii = QX- 2krjiX)( + 2kX - 2fc?7(X)e - yl^ - viX)^- 

Comparing this expression with Rx^^ — k{X — ri{X)(^) + fiTX, obtained by means of (jl.ip 
HT = h and dO]) if T = h' , we get 

Q^aI + brj(E)^ + fiT, (3.9) 

where a = ^ — k and b = ik— ^ . We now compute the right-hand side of the well-known 
formula 



1 ^ 

-grad5c = ^(Vx,Q)^^, 



where {Xi — i^, X2 — X, X3 = <pX} is an orthonormal local frame adapted to the structure. 
Using p.9p and (|2.3p . since rjiV xX + V ^xfX) = —2 and a + b = 2k, one has 

333 3 

^(Vx,Q)X, = Y. iX^{a)X,) + ^ {X,{fi)TX,) + ^^ (Vx.T) X, 

i—1 i—1 i—1 i—1 

+ ry(grad b)^ - b (vi^xX)) ^ - b {rj{^^xvX)) ^ 
3 
= grad a + T(grad m) + M ^ (Vx.T) X, + 2C{k)C - ^{a)^ + 2b(. 

1=1 

Now, in the case of the (fe,yL(,)-nullity condition T = h and Lemma l3.2l implies J2i=i C^XiT) Xi 
0. Being a = ^ — fc, from the above equation we obtain 

-grad Sc = -grad Sc - grad k + ft,(grad /i) -I- 2^(A:)^ - ^{a)£_ + 26^ 

that is 

e(fc)e - grad k + /i(grad fi) + ^{k)( - ^(a)^ + 26^ = 0. 

Since the vector field ^(fc)^ — grad fc + /i(grad /i) is orthogonal to ^, p.8p with T — h follows. 
If C belongs to the (k, /x)'-nullity distribution, then T = h' and X^Li i^x.T) X, = 2(fc-|- 1)^, 
as it follows from p.ip . Similar arguments as in previous case show that l\3.8\i is still true. D 
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4. A CLASS OF ALMOST KeNMOTSU GENERALIZED (fc,^)-SPACES 

In this section, we are interested in almost Kenmotsu manifolds of dimension 3 verifying 
the generalized (fc, /x)-nullity condition with k such that dfc A 77 = 0. 

We remark that for this kind of manifolds the following two typical situations should be 
treated: either fc = — 1 identically on M, case in which M is Kenmotsu and locally a warped 
product of a Kahler manifold and an open interval and the nullity condition reduces to 
fc- nullity condition, or fc < — 1 everywhere on M. This follows from the following fact. 

Lemma 4.1. Let {M^,(p,^,ri, g) be an almost Kenmotsu generalized {k, ^) -space such that 
dkAr] = 0. If k — —1 at a certain point of M , then fc = —1 everywhere on M and h vanishes 
identically. 

Proof. Let Z be the closed subset of M containing the points q at which fc = — 1, which is 
non-empty by hypothesis, and fix p e Z. Then, \{p) = \/ —1 — k{p) = and dk A rj — 
implies the same condition for A. Therefore, choosing a coordinate neighbourhood U around 
p with coordinate (x, y, t) such that ^ = d/dt and rj = dt, we have that A restricted to U 
depends only on t and it satisfies the linear differential equation dX/dt — — 2A, whose general 
solution is given by A = ce~^* with c > a real constant. Since A(p) = 0, we get c = 0, 
hence A = and fc = — 1 on the whole U. It follows that U C Z and, consequently, Z is also 
an open subset of M. Thus, Z ~ M since M is connected. D 

In the sequel, we restrict our investigations to the case when fc < — 1 in view of the above 
considerations. 

We begin to determine the Levi-Civita connection of a 3-dimensional almost Kenmotsu 
manifold satisfying the generalized (fc, /i)-nullity condition. 

Proposition 4.1. Let [M^ ,(p,£^,ri, g) be an almost Kenmotsu manifold such that ^ belongs 
to the generalized (k, 11) -nullity distribution with /i 7^ 0. Then, for any unit eigenvector X 
of h with eigenvalue A = \/^l — k- one has 

1) Vxe = X- X^X; \/^x( ^^X- XX. 

2) V^x^X - ^X - i; VxX - ^^ifX - t 

3) \/xvX = AC - ^^X; V^xX ^ X^ - ^^X . 

4) V^X = -^ipX; V^ipX = IX. 

Proof. The eigendistributions [A] and [—A] of h are both 1-dimensional and integrable; 
moreover, fixed a unit vector field X Cz [A], we notice that {X, (/jX, ^} is an orthonormal 
(local) frame for TAI. The formulas in 1) are immediate consequences of (|2.3p . By (|2.8I) . 
we have (pQS, — 0, so that Lemma [3.21 gives 

{Vxh)X + iV,^xh)ipX = 0, 

that is 

XiX)X + XV xX - HVxX) - ^X{\)^X - XV^x^X - h{V^xvX) = 0. (4.1) 

By scalar multiplication with X, we get X{X) — g{Wipx^X, XX) — Xg{W^xfX, X) — 0, from 
which, being A 7^ 0, it follows that g{Vipx(pX,X) = 2\- Moreover, we have 

5(V^x(^X,0 = -g{^X,V^xO = -giv^x,ipx - XX) = -1. 

In this way, we obtain the first formula in 2). As for \7 xX, if we take the inner product 
of (|4TT|) with (pX, we have Xg{'VxX,ipX) - g{VxX,-XtfX) - tfX{X) = and hence 
gi^xX, ifiX) = ^^11^. The component of Vx^ along ^ is given by g{\/xX, £,) = -g{X, X~ 



\(pX) — —1, and the second formula in 2) is obtained. The equations in 3) foUow from 2), 
considering that the following relations hold: 

g{VxvX, X) = -giifiX, VxX), .g(V^xX, cpX) = -.g(X, V^x^pX), 
g{VxvX, = -9{VX, VxO = -9i^X, -X - X^X) = A 

g{v^xX, = -gix, v^xO = -gix, ^X - \X) = A. 

For the value of V^X, obviously we have giy^X, X) — Q and giy^X, ^) = since V^.^ = 0. 
It remains only to compute the component along (fX which may be obtained by means of 
((2:91) . We have 

£,{\)X + AVjX - h{V^X) = -2XX - tnp{\X). 

The inner product with ipX gives g(AV^X, ^X) + g(V^X, \ipX) ~ — /iA, from which, being 
A 7^ 0, it follows that g{V(^X, i^X) = — ^, and so the desired formula. Finally, taking into 
account that W^(p — 0, we get W^(pX — ^X, thus concluding the proof. D 

Locally, an almost Kenmotsu generalized (fc, /i)-space with dk A rj = and fc < — 1 can 
be described as follows. 

Theorem 4.1. Let {AI^,ip,^,r], g) be an almost Kenmotsu generalized {k, ^) -manifold with 
dk A r] — and fc < — 1 . Then, in a neighbourhood U of every point p G M^ there exist 
coordinates x,y,z with z < —1 and an orthonormal frame {£^^X,ipX) of eigenvectors of h 
with hX = \X , such that on U k — z, pL only depends on z and 

d d d d d 

X = — , (^^ = 7^, £,^a— + b—-^{z + l) — , 
ox oy ox Oy Oz 

where a = a; — 2 (/^ + 2\/^l — z) + / and b = y + -^{fi — 2\/— 1 — z) + r, f,r being smooth 
functions of z on U. 

Proof. First of all, notice that the assumed condition on k and p.Sp imply that also grad /i 
belongs to [£], since h ^ and kcr(/i) = [£]. Moreover, we have Z{X) = 0, for all Z E V. 
By Proposition 14.11 given an orthonormal local frame (^, X, (pX) with X eigenvector of h 
corresponding to the eigenvalue A, we get [X, lyjX] = — "^ ^1 X H — jj^tpX which implies 
[X, iy9X] = 0. It follows that, fixed a point p G M^, there exist coordinates {x',y',t) on an 
open neighbourhood V of p such that 

9 9 -I c _ 9 d d 

dx' ' dy' dx' dy' dt ' 

where a,b,c are smooth functions on V with c =/= everywhere, because of the linear inde- 
pendence of ^ from the other two vector fields. Now, from the conditions [X,^] e V and 
[fX, ^] gV we deduce that -Sp- — and ^ — 0. Therefore, if we consider on V the linearly 

independent vector fields X, (pX and W^ := c^, we have 

[X, pX] = 0, [X, W] = 0, [pX, W] = 0. 

This means that there exists a coordinate system {[/, (a;, y, z')} around p in T^ such that 
X — -S^, ipX — S- and W = -^. Thus, on the open set U we have X — -Mj = -S^, 
(pX = #7 = # and f = a# + 6# + -#7, as it follows from the fact that -^ = W = c^ = 

oy oy ^ ax oy oz' ' oz' at 

^ - a^ - 6^. From ^^, since |^ = X{\) = and || = pXiX) = 0, it follows that 

A = c'e~^^ and fc = — 1 — A-^ = — 1 — ce^''^ , for some real constants c', c > 0. The change of 

coordinates z — ~\~ ce^^^' gives a chart {t/, (a;, y, z)} at p such that k = z < —1, /i = fJ,{z) 

and 



X = —, ifX^— and ^ = aj- + b—-iiz+l) — . 
ox Oy ox Oy Oz 



To conclude the proof, we have to calculate the functions a, b. To this aim, we have 

da d db d da d db d 

dx dx dx dy^ ' dy dx dy dy 

On the other hand, by using Proposition 14. 11 one has 

K, x]^-x+(\- I) ipx, K, ^x] = (a + 1) X - ^x. 

The comparison of these relations with the previous leads to 

da da ( \ ^^\ db ^i db 

dx ' dy \ 2/ ' dx 2 ' dy ' 

By integration of this system of differential equations, being A, /i functions only depending 

on z, we get a ^ x — ^{^ + 2\J—\ — z) + / and b = y + j{p- — 2\J —\ — z) + r, for some 

functions / = /(z),r = r(z). D 

The previous result allows us to obtain a complete local classification of almost Kenmotsu 
generalized (fc, /i)-spaces with dk Arj — and fc < — 1. In fact, we are going to construct in 
R'^ a model for each of them as follows. 

Let Af be the open submanifold of R'^ defined by M := {{x,y,z) e M.^\z < —1} and 
/I, /, r : Af — ^ R be three smooth functions of z. Let us denote again hy x,y, z the coordinates 
induced on M by the standard ones on M.^. We consider on M 

d r, d ,, ^, d 1 

dx dy dz 4(1 + z) 

the Riemannian metric g given by 
g = dx (>^ dx + dy (^ dy + {1 + a"^ + j3'^)iri ® r] — a[dx ® rj + rj ® dx) — j3[dy ® rj + rj ® dy) 

and the (1, l)-tensor field tp represented, with respect to the global coordinate vector fields, 
by the following matrix 

/ -1 -/3/7 
(p = 1 a/7 

\ 

wherea = x-i(^ + 2V-l -z) + /(z), [3 = y+i(^-2V-l - z)+r{z) and 7 = 4(1 + 2;). It 
is easy to check that (Af, 93, ^, rj, g) is an almost Kenmotsu manifold and that {ei — -S^, 62 — 
^,63 = £,} make up a global (^-basis on Af , that is a g-orthonormal global frame such that 



(fiCi = 62. Moreover, by direct computation, putting A = \/—l — k, we get [61,62] = 0, 
[ei, 63] = 61 — (a — ^) 62, [62, 63] = — (a + ^) 61 + 62, and hence hei ~ Xei, he2 — — A62 and 
/163 = 0. Now, we remark that, putting X = ei and using the Koszul's formula for the Levi- 
Civita connection V of g, we find an orthonormal frame {^, X,ipX) and the expressions of 
V as described in Proposition 23] Using these formulas and the definition of the curvature 
tensor, we finally obtain that (Af , ip, ^, 77, g) is a 3-dimensional almost Kenmotsu generalized 
{k, /i)-space with k = z. 

5. A CLASS OF ALMOST KeNMOTSU GENERALIZED {k, ^)'-SPACES 

Here we present a local description of the structure of a 3-dimensional almost Kenmotsu 
manifold satisfying (|1.2p with k such that dk Arj = 0. 

First of all, taking account of the second equation in (|2.10p and arguing as in the proof 
of Lemma 14.11 we obtain: 

Lemma 5.1. Let {M^,ip,^,r], g) be an almost Kenmotsu generalized {k, ^l)' -space with dk A 
rj = 0. If k = —1 at a certain point of M , then k — —1 everywhere on M and h' = h = 0. 
In particular, it follows that M is locally a warped product of an open interval and a Kdhler 
manifold. 
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Therefore, also for almost Kenmotsu generalized (/c, /x)'-spaces we shall discuss the case 
k < —1, or equivalently h ^ everywhere. We first obtain the following proposition. 

Proposition 5.1. Let {AI^ ,(p,^,r], g) be an almost Kenmotsu m,anifold with h' ^ such 
that ^ belongs to the generalized (k, ^Y -nullity distribution. Then, for any unit X G [A]', 
A = y/—l — k, one has 

1) ^xi = (1 + A)X; V^xi - (1 - X)vX. 

2) V^x^X = ^X - (1 - A)^; VxX = ^^-fX - (1 + X)^ 

3) Vxy^X - -^^X; V^xX = -^^X. 

4) VjX = 0; V^ipX = 0. 

Proof. Let X be a unit eigenvector of h' corresponding to the eigenvalue A. Then, since the 
distributions [A]' and [—A]' are one-dimensional, {X, (pX, ^} is an orthonormal (local) frame. 
The property 1) is a direct consequence of (12. 3p . For 3), it is obvious that g{^ x<-pX, fX) — 
and g{'\/x(pX,(,) = -g{fX, (1 + X)X) = 0, so that Vx^pX S span(X). Equation (1^ with 
Y = ipX implies 

- X{X)(pX - XVx^X - h'(yx^X) - ipX{X)X - XV^xX + h'iV^xX) = 0. (5.1) 

By inner product with X, we get —g{XWxfX,X) — g{V x^X^XX) — ifX{X) = 0. There- 
fore, being A 7^ 0, we find gCVx^XjX) = — '^ ^j^ , which implies the first relation in 3). 
Analogously, gC^^pxXjX) = 0, gC^/^xX^S^) — and the scalar product of (|5.ip with ipX 
imply the second formula of 3). From 1) and 3) we get the equations in 2). Indeed, we have 

g{V^x<pX, X) = -5(^X, V^xX) = -g (^X, ~^px) = ^; 
.g(VxX ^X) = -g{X, W x^X) = -g (x, -^x) = ^; 

5(v^x^^, = -gi^x, v^xO - -givx, (i - x)^x) = -{i- x)- 

g{VxX, = ~g{X, V^O = -g{X, (1 + X)X) = -{! + A). 

Finally, since g{W^X,(^) — 0, we have W^X E span(iy9X). Using the first equation in (|2.10l) . 
we obtain 

C(A)X + XV^X ~ h'{V^X) = -X{^i + 2)X. 

Taking the scalar product with ipX, we get 2A5(V^X, tpX) = 0. Being A 7^ 0, we have 
V^X = 0. From S/^(p ~ 0, the remaining relation follows. D 

Theorem 5.1. Let (AI^ ,ip,£^,r],g) be an almost Kenmotsu generalized {k, ^Y -space with 
dk A rj = and fc < — 1. Then, one has: 

(i) If IJ- = —2, then k is constant. 

(ii) If fj, 7^ —2, then in a neighbourhood U of every point p G M^ there exist coordinates 
x,y,z with z < —1 and an orthonormal frame (^, X,(pX) of eigenvectors of h' with 
h'X = XX , such that k — z, fj, only depends on z on U and 



where a = x{l + \/—l — z) + / and b — y(l — \/— 1 — z) + r, /, r being smooth 
functions of z on U . 



Proof. Observe that the condition on k and (|3.8p imply that /i fulfills the same condition. 
Furthermore, we have Z{X) = for all Z eV. If ^ = -2, from ([2T0l) we have ^(A) = 
which implies A constant and so k constant. 
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Now, we assume /i 7^ —2. By Proposition I5.1[ given an orthonormal local frame of 
the type {S,,X,LpX) with X eigenvector di h' corresponding to the eigenfunction A, we get 
[X, (pX] = — '^2X -^ ^ — hr'^-^ which implies [X, (/sX] — 0. Consequently, fixed a point 
p G M^, there exist coordinates {x,y,t) on an open neighbourhood V oi p such that 

-.^ d ^^ d , ^ d , d d 

^ = ^=^ VX ^ -^ and £. = a—^ + b-z + c^, 
ox ay ax ay at 



where a, 6, c are smooth functions on V with c ^ everywhere on V . From the conditions 

1^ = and I? 

OX oy 



[X,^] e V and [ipX,^] e V we deduce that |^ = and f? = 0. Therefore, the brackets of 



the vector field W := c-^ with the other two coordinate vector fields vanish, thus obtaining 
coordinates (x', y', t') on an open neighbourhood U' of p in F such that X = ^, LpX — -^ 
andW^ = ^. ThusonC/'wehaveX = ^==^,^X=.^ = ^ande = a^!+6^ + #, 
as it follows from the fact that -§fT =W = c4^ = ^ — a-Sp' ~ ^w^- Moreover, \\iji depends 
only on t' and the second equation in (|2.10p reads 

^ = -A(m + 2), (5.2) 

since ^ = and ^ = 0. Next, considering the vector field W :— ^75^' since fi does 
not depend on x' and y' , we have [X, T4^'] — and [(^X, Ty] = 0. It follows that it is 
possible to find a chart {[/, (x, j/, z')} at p in U' such that X — -g^, ipX = ^, W' = -^ and 
^ — a-^ + b-g- + (^ + 2)^, again denoting by a, b the restriction to U of these functions. 
With respect to these coordinates, equation (|5.2p becomes d\/dz' = —A, from which we get 
A — c'e^^ , with c' > a real constant. Hence, fc = — 1 — ce^^^ for some real constant 
c > 0. Finally, the substitution z = — 1 — ce""^^ gives the desired chart {C/, (x, y, z)} at p. 
To conclude the proof, it remains to compute the functions a, b. To do this, let us explicit 
the brackets [£,,ifX] and ['^,X], obtaining 



da d 


db d 




da d 


db d 


dx dx 


dx dy' 


K,^^] = 


dy dx 


dydy 



On the other side, by using Proposition 15. 1[ we have 

K,X] = -(1 + A)X, K,^X] = -(1-A)^X. 

Comparing these relations with the previous, we get 

5a _, , da ^ db ^ db ^ ^ 

dx dy dx dy 



The integration of this system yields a = x{l + \/—l — z) + / and 6 = y{l — y^T^z) + r, 
where /, r are arbitrary smooth functions of z on f/. D 

Also in this case, we may build local models for almost Kenmotsu generalized (fc, /i)'- 
spaces with dA: A ry = 0, fc < — 1 and ^ ^ —2. To this purpose, we take M^ — {(x, y, z) € 
R'^jz < —1}, considering three given smooth functions n, f,r : M —^ R depending on z such 
that /i 7^ — 2 and the following vector fields 

d d d d d 

^1 ■= "a"' '^2:=-^, 63:= a-- + 6^ 2(z + l)(^ + 2)--, 

dx dy dx dy dz 



where a{x,y,z) ~ x{l + \/— f — z) + /(z) and b{x,y,z) = y{l — \/— 1 — z) + r(z). The 
structure tensor fields ^,^,ri,g are defined by ^ = 63, 7^ = ^ 27T+ITrT2T '^'^ ^'^'^' Pitting 







-1 


-b/c 


1 





a/ c 












a/c 

1 b/c \, V 
a/c b/c (l + a2 + 62)/^2 

One can easily prove that M endowed with this structure is in fact an almost Kenmotsu 
manifold. Furthermore, we note that 61,62,63 are (7-orthonormal vector fields for which 
Lpci = 62 and, setting A = ^— 1 — z, the following relations hold 

[61,62] =0, [61,63] = (1 + A)6i, [62,63] = (1 - A)e2. (5.3) 

Computing the tensor field h\ we get h'ei — Aei and h'e2 — — A62. From this it follows 
that the Levi-Civita connection of g, computed by means of the Koszul's formula and (|5.3p . 
verifies the equations stated in Proposition lS.ll with X = ei. Finally, the direct computation 
of the curvature tensor of g shows that {M^ ,ip,^,ri,g) is an almost Kenmotsu generalized 
{k, /i)'-space with k = z and dk At] = 0. 

6. Further characterizations and local models 

This section is devoted to obtain, using Darboux-like coordinates, another explicit local 
description of the almost Kenmotsu generalized (fc, fi) and (/c, /i)'-manifolds with dk Arj = 0. 
To this purpose, we need the following useful property. 

Proposition 6.1. Let {M^ , Lp, ^, r/,5) he either an almost Kenmotsu generalized (fc, fi)-space 
or an almost Kenmotsu generalized {k, fx)' -space with dk A rj — and k < —1. Then the 
leaves of the canonical foliation of M are flat Kdhlerian manifolds. 

Proof. The leaves of I?, endowed with the induced almost Hermitian structure {J,G), are 
obviously Kahler manifolds, because they are almost Kahler of dimension 2. Let M' be one 
of them. In order to prove the flatness of (Af , G), we consider the Weingarten operator A of 
M' given by AX ^ -X + iphX ^ -X - h'X. For a unit vector field X e [A] (or X e [A]'), 
by using the Gauss equation, the sectional curvature K' of G is given by 

K'{X, ipX) = K{X, ipX) + 1 - A^. 

Now, using Proposition 14.11 for the case of a generalized (/c, ^)-almost Kenmotsu manifold 
and Proposition 15.11 for the case of a generalized (A:, /i)'-almost Kenmotsu manifold, since 

X{\) = ipX{X) ^ 0, one gets 

R{X, ipX)tpX = -(1 - \^)X. 
So, K{X, tpX) = g{R{X, (pX)ipX, X) = -{1- A^) which implies K'{X, ipX) = 0. D 

Now, we state the following characterization. 

Theorem 6.1. Let {M^ , ip, ^, 77, g) be an almost Kenmotsu manifold with h ^ 0, and A:, /i G 
S{M) such that dk Arj = 0. Then, the following two statements are equivalent: 
a) M is an almost Kenmotsu generalized [k, /j.)- space. 

h) For any point p G M , there exists an open neighbourhood U of p with coordinates 
x^,x'^,t such that k = —1 — 6~^*, fi only depends on t and the tensor fields of the 
structure are expressed in the following way 

^ ■ (9 d ^ 

(/3 = ^ (fi'jdx^ (g) — -, ^ = ;^i V ^ dt, g ^ dt®dt+ ^ giidx"" ® dx^ , (6.1) 

where f^jgij are functions only oft. Moreover, the unique non-zero component of 
the fundamental 2-form $ is $12 given by 

$12 = 6^*, 
12 



and on U the tensor fields h and B := iph may he written as 

h^Y h]dx^ ®i^, B^Y B]dx^ (g, 4-^ (6-2) 

where h^j,B^A are functions oft. Finally, the components of the three {l,l)-tensor 
fields ip,h,B satisfy the condition J^s^lBj = e~'**J] and the following system of 
differential equations 

d^i . dh) , . dB' 

^=^'^^' ^ = 2AV} - 2/^} - ^b;, ^ =;,/,;. -2i?;, (6.3) 



where X 



-2t 



Proof. Let M be an almost Kenmotsu generalized (fc, /i)-space. Owing to the integrabiliy of 
V and [£] , the decomposition TM = I? ® [^] implies that any point of M admits a coordinate 
neighbourhood U of the form U' x ]—s,s[ with coordinates x,y,t, where x, y are cooordinate 
on U' and i on ] — e, e[, such that ^ = d/dt and 77 = dt. With respect to these coordinates, 
the tensor fields Lp and g are expressed as in (|6.ip . but ip^, and gij are functions oi x,y,t in 
general. Further, since /i^ = and B£^ = 0, we also have (|6.2p with /i' , B* depending on the 
all coordinates x, y, t in general. In the coordinate neighbourhood U, (|2.1ip takes the form 

-ir=^^^' ^ = 2AV}-2/^}-MS], -^^^M^-2E]. (6.4) 

Now, for any fixed io G ] — £,£[, we consider the subset U' x {io} C U which is an open 
submanifold of a leaf of D. Then, the induced complex structure J has components ip^Ato, •) 
and, by virtue of Proposition 16.11 it can be assumed that a;, y are chosen in such a way 
that on U' x {tg} one has J^ = -g-, J-g- = —-§^ and the induced metric G has constant 
components. This implies that the (/5*'s and g^^'s depend on t alone. Consequently, by (|6.4I) . 
we also have that ft,' and i?* are functions only of t. Since dk A r] = and A^ = — 1 — fc, 
we have f^ = f^ = and so from (|2.9p wc get A = e^^*. Hence k — —I — e^***. Moreover, 
from p.Sp we deduce that also /i only depends on i. The components of $ with respect to 
these coordinates are all zero, except for $12 which may be computed by using d^ — 2?] A $, 
obtaining ^^^p- = 2$i2. Thus we get $12 = ce^*, for some real constant c 7^ 0. Up to change 
x,y with x' — \/\c\x and y' — y/\c\y, we can take c — 1. In this way, we get the desired 
chart around p. Finally, (|6.4p gives (|6.3p and p.Sp gives J2s ^IBj = e~''*(Sj, completing the 
proof of the implication a) => b) . 

Conversely, suppose that M carries an almost Kenmotsu structure which is locally repres- 
ented as in b). Under these hypotheses, we have to show that M verifies the generalized 
(/c,/x)-condition. In order to do this, we notice that Xi = d/dx and X2 = d/dy are 
Killing vector fields, since the metric g has components which do not depend on x and 
y. Hence, g{\7xiXj,Xq) = 0, for any i,j,q G {1,2}. Since the distribution orthogonal to 
^ = d/dt is spanned by Xi and X2, it follows that VxiXj G [£] for all i,j G {1, 2}, so that 
B{\7xiXj) = 0. Consequently, for the Levi-Civita connection V determined by g, we have 

Vx^Xj - Vx^.X, = -g{X^,Xj - BXj% V^X, = \/x,^ = X, - BX,, VjC = 0. 
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Therefore, by (|2.4p . we compute 

R{Xi,Xj)^ = {Vx,B)X, - {Vx.B)X^ = Vx,BX, - Vx.BX^ 

2 

= J2(Byx,X,~B]S/x,X, 



9=1 
2 



and, using (|6.3p . 



^ (i?f5(^,, ^9 - S^g) - B]g{X,,Xg - BX,))C 

9=1 

9{X,,BX, ~ B^X,)^ + 5(X„ BXj ~ B^X^)^ - 



' 'dBf 



Rix^, Oi = -v^Vx.e - -V^(X,; - SX,) = -X, + BX, + J2 ( ^^9 + SfVeX, 

9=1 ^ 

= -X, + BX, + fihX, - 2BX, + BX, - B^X, 
= (-1 - \^)X, + fihX^ = kX, + ^jihX,, 
thus concluding the proof. D 

Let us consider the fohowing three constant matrices 

a smooth function /i : R — >■ R defined on the real line with coordinate t, and the function 
A = e~^*. Then, we define three functional matrices F, H, B of order 2 

F{t)^[^]{t)l H{t) = [h){t% B{t) = [b){t)] 

in such a way they satisfy the following system of linear differential equations with the given 

initial conditions 

F' = 2H, H' = 2>?F ~2H~ flB, B' = JiH - 2B, 
FiO) = M2, H{0) = -Af3, B{0) = Ml. 

Here A' denotes the matrix whose coefficients are the derivatives with respect to t of the 
entries of the matrix A. 

Now, let {fi, hi, &i)i<i<3 be the unique solution defined on an open interval ]a, 6[, a,b ^ R, 
containing of the system of linear differential equations 

n = 2/i. 

h'^ = 2~X^f,-2h,-fih i = l,2,3 , 
6j = fih^ - 2hi 

satisfying the following initial conditions 

/i(0) = 0, /ii(0)=0, 6i(0) = l, 

/2(0) = 1, /i2(0)=0, &2(0)=0, (6.6) 

/3(0) = 0, /i3(0) = -l, fo3(0)=0. 
Taking this into account, one can immediately check that 

F{t) ^ h{t)Mi + /2(t)M2 + h{t)Mz 

H{t) = hi{t)Ah + h2{t)M2 + h3{t)M3 (6.7) 

B{t) = bi{t)Mi + h2{t)M2 + bz{t)M3, 



is the unique solution on ]a,b[ of (|6.5p 
Moreover, we have 



(6.9) 



Lemma 6.1. The matrices F,H,B are linked by the following algebraic relations 
F^ = -h, H' = P/2, B^ = A2/2, 

HF = -FH, BF ^ -FB, BH = -HB, (6.8) 

F = X'^BH, H = BF, B ^ FH, 

where I2 denotes the unit real matrix. 

Proof. For the proof, we use the auxihary functional matrices defined by 
Xi^F^, X2 = H^ X3 = B^, 

Xi = HF + FH, X5 = BF + FB, Xq = BH + HB, 
Xt^BH ~ X^F, Xs = BF- H, Xg = FH - B. 

Using (|6.5I) , it is easy to check that the fohowing homogeneous system of Unear differential 
equations is satisfied 

X[ = 2X4, X'2 = 2X^X4 - 4X2 - fiXQ, X^ == p,Xe - 4X3 

X'^ = AX^Xi + 4X2 - 2X4 - /2X5, X'^ = JlXi - 2X5 + 2Xq 

X'^ = 2^X2 - 2/IX3 + 2X2X5 - 4^6, 

X'j = fiX2 - flX3 - 4X7 + 2A2X8, 

X^ = 2^2X7 - 2^8 + pXi - fiXg, 

X^ = 2A2Xi + 2X2 + /2X5 - fiXs - 2Xg. 
with the initial conditions 

Xi{0) = -l2, X2i0)=h, X3{0)=l2 
X^O) = ^5(0) = ^6(0) = ^7(0) = ^8(0) = ^9(0) = O2. 

Since this system admits a unique solution, a simple verification shows that 

Xiit) = -l2, X2{t)^X^l2, X3it)^X^h 

Xi{t) = X5it) = Xeit) = Xjit) ^ Xsit) = X^it) = O2, 

is the solution of (|6.9p for any t e ]a, b[, which gives ()6.8p . completing the proof. 

Finally, for the matrix G defined on ]a,b[ by 

G = -M2F, 

we get the property stated in the following lemma. 

Lemma 6.2. The functional matrix G{t) is symmetric and positive definite for any t G ]a, b[ 
and G{0) = h- Explicitly, G is given by 

^ /2 ~ /s /i \ 

(6.11) 

/i /2 + /a / 



D 



(6.10) 



G = 



Proof Applying dUll), by definition of Afi,M2,M3, we obtain G = /1M3 + 72/2 - /3M1, 
which is equivalent to the form presented in (|6.11l) . Therefore, we immediately see that G{t) 
is symmetric for any t G ]a,b[ and, by (|6.6p . it follows that G(0) — h- 

In order to prove the property of G to be positive definite, we compute F'^ and, using 
dHZl), we find 

F^ = (/lA/i + /2Af2 + /3M3)' = {fl + fi - fl)h, 
which, compared with F2 = -I2 (cf. dSH)), gives {f2 + f^){f2- fz) = l + fl Since ^(0) = 1 
and 73(0) = 0, it follows that /2 + /3 > and /2 — /a > at any point of ]a, b\, so, in view 
of (|6.1ip . G{t) is positive definite for any t £ ]a, b[. D 



Let now M — ]a, 6[ xM^ c M?" . Denoting by [t^x^^x^) the coordinate global system 
induced on M by the canonical one on R'^, we consider the (1, l)-type tensor field ip repres- 
ented, with respect to the basis "^ ^ i ^ j ^ f i by 







(^= I u ^\ 



where the (^''s are the coefficients of the functional matrix F . Moreover, let us put 



-'J 

2 



pi 

^:=— , 7] -=(11, g := dt(g)dt + e^* y^ Gjjdx^ (g) dx^ , 
ot . 

where the Gij's are the coefficients of the matrix G. From Lemma 16.21 we have that g 
defines a Riemannian metric tensor on M . Furthermore, consider the smooth functions 
/x, A : M -> R defined by 

^^{t, X, y) = p.{t) and A(i, x, y) = A(t). 

Proposition 6.2. The structure ((/?, ^, 77, <;) defines an almost Kenmotsu generalized (fc, /i)- 
structure on M with fc = — 1 — e^*** and dk Arj = 0. 

Proof. We shall see that the equivalent condition b) in Theorem 16.11 is satisfied, choosing 
the neighbourhood U = M for any point of M. Firstly, we prove that {ip,^,ri,g) is an 
almost Kenmotsu structure on M. Since F^ = —I2 (cf. (|6.8p ). we have ip'^ = —I + rj (g) £^ 
and 77(^) — 1. We have to check that the metric g is compatible with the almost contact 
structure, that is the following relation should be verified 

g{pX,pY)=g{X,Y)-r^{XMY) 

for any X,Y G T{TM). This is true if y = ^, since ip^ = and, from the definition of 77 and 
g, one has ri{X) = g{X,^), for any X e T{TM). It remains only to check the compatibility 
condition for X — d/dx and Y = d/dy. In fact, using (|6.10p and (|6.8p . we have 

9 (^^'^^) = ^'* E ^15-^2 = e''{F^GF)l = -e'\F^M,F')l 



r.s—1 
J2t( TpT ] 



= e'\F^M2)\. 
On the other hand, by direct calculation, we get 

e^\F-M,)\ = -e-\M,F)\ ^ e^G^ ^ g (^, |) 

Now, by (|O0)) and (|6^ . one has 



dx^ dy 



2 

2t 






so that, taking p>^~Q into account, the fundamental 2-form $ associated with our structure 
is given by $ = l^^ndxhdy — 2e'^'^dxAdy, from which we get (i$ — 2?/A<I>. Hence, {(p, £,, rj, g) 
is an almost Kenmotsu structure on M. 

Computing the tensor field h, we see that its components with respect to fixed coordinates 
are the the following 

^ 2 dt' 

hence they coincide exactly with the coefficients of the matrix H. Furthermore, by virtue 
of _B = FH (cf. (|6.8p ). the components of the tensor field ph are just the coefficients of 
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the matrix B. Therefore, since the matrices F,H,B satisfy (I6.5p . the tensor fields ip,h,iph 
verify (J6.3I) . Consequently, by Theorem l6.11 the considered structure is an almost Kenmotsu 
generalized (—1 — e^'**,/i)-structure on M, and the proof is complete. D 

For the case of almost Kenmotsu generalized {k, n)' -spaces, we suppose /i ^ —2, since if 
/i = —2 then from p.lO|) we obtain k constant and Theorem 11.11 applies. By using p.l2p 
and Proposition 16. 11 with similar arguments as in the proof of Theorem l6.H it can be proved 
an analogous result. Thus, omitting the proof, we have 

Theorem 6.2. Let {M^,(p,^,r], g) be an almost Kenmotsu manifold with h^O, and k,^£ 
^{M) such that dk Atj = and fj, ^ —2. Then, the following two statements are equivalent: 

a) M is an almost Kenmotsu generalized {k, fi)' -space. 

h) For any point p £ M , there exists an open neighbourhood U of p with coordinates 

x^,x'^,t such that ^ only depends ont and, considered f := J{ii+2)dt, k = — 1 — e~^^ 

and the tensor fields of the structure are of the form 

"^ ^ . . Q 8 ^ 

(p = 22 f^d,^^ ® ■^^i ^ ~ ■^' V = dt, g = dt(^ dt -\- ^ gijdx^ (g) dx^ , 

where ^),gij are functions only oft. Moreover, the unique non-zero component of 
the fundamental 2-form $ is $12 given by 

$12 = e^*, 
and on U the tensor fields h and h' may be written as 

where K,B^a are functions oft. Finally, the components of the three {l,l)-tensor 
fields (fi, h' , h satisfy the condition ^^ B^B", = e"^' 5* and the following system of 
differential equations 

dtp! dB) dhi ^ . 

where A — e^f . 

Remarks. 1) As a particular case, we recover Example 6.1 from [14'. 

2) Clearly, a construction similar to that carried for almost Kenmotsu generalized (fc, /i)- 
manifolds can be also made in this case, starting with the system of differential equations 
corresponding to (|6.12l) . 

References 

[1] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Progr. Math., 203, Birkliauser 

Boston, Boston, MA, 2002. 
[2] D. E. Blair, T. Koufogiorgos, B. J. Papantoniou, Contact metric manifolds satisfying a nullity condition, 

Israel J. Math. 91 (1995), 189-214. 
[3] P. Dacko and Z. Olszak, On almost cosymplectic (fe, ^, i/)-spaces, in: PDEs, Submanifolds and Affine 

Differential Geometry, Banach Center Publications, Vol 69, pp. 211-220, Institute of Mathematics, 

Polish Academy of Sciences, Warszawa, 2005. 
[4] G. Dileo and A. M. Pastore, Almost Kenmotsu manifolds and local symmetry. Bull. Belg. Math. Soc. 

Simon Stevin 14 (2007), 343-354. 
[5] G. Dileo and A. M. Pastore, Almost Kenmotsu manifolds and nullity distributions, J. Geom. 93 (2009), 

46-61. 
[6] M. FalciteUi and A. M. Pastore, Almost Kenmotsu /-manifolds, Balkan J. Geom. Appl. 12 (2007), no. 

1, 32-43. 

17 



[7] F. Gouli-Andrcou and P. J. Xenos, A class of contact metric 3-nianifolds with ^ g N(k, jj.) and k, fi 

functions, Algebras Groups Geom. 17 (2000), 401-407. 
[8] F. Gouli-Andreou and P. J. Xenos, Two classes of conforinally fiat contact metric 3-manifolds, J. Geom. 

64 (1999), no. 1-2, 80-88. 
[9] D. Janssens and L. Vanhcckc, Almost contact structures and curvatures tensors, Kodai Math. J. 4 

(1981), no. 1, 1-27. 
[10] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24 (1972), 93-103. 
[11] T. W. Kim and H. K. Pak, Canonical foliations of certain classes of almost contact metric structures. 

Acta Math. Sin. (Engl. Ser.) 21 (2005), no. 4, 841-846. 
[12] T. Koufogiorgos and C. Tsichlias, On the existence of a new class of contact metric manifolds, Canad. 

Math. Bull. Vol. 43 (2000), no. 4, 440-447. 
[13] A. M. Pastore and V. Saltarelli, Almost Kenmotsu manifolds with conformal Reeb foliation, submitted 
[14] A. M. Pastore and V. Saltarelli, Generalized nullity distributions on almost Kenmotsu manifolds. Tech- 
nical Report n. 23/2009, Dept. of Math., University of Bari. 
[15] V. Saltarelli, Contributions to the geometry of almost Kenmotsu manifolds, Ph.D. Thesis, Dept. of 

Math., University of Bari, Italy (2009). 

Department of Mathematics, University of Bari, via E. Orabona, 4, 70125 Bari, Italy 
E-mail address: saltarelliOdm.uniba.it 



18 



